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It has been recently shown that non-Abelian defects with localized parafermion zero modes can arise in
conventional Abelian fractional quantum Hall (FQH) states. Here we propose an alternate route to creating,
manipulating, and measuring topologically protected degeneracies in bilayer FQH states coupled to supercon-
ductors, without the creation of localized parafermion zero modes. We focus mainly on electron-hole bilayers,
with a±1/3 Laughlin FQH state in each layer, with boundaries that are proximity-coupled to a superconductor.
We show that the superconductor induces charge 2e/3 quasiparticle-pair condensation at each boundary of the
FQH state, and that this leads to (1) topologically protected degeneracies that can be measured through charge
sensing experiments and (2) a fractional charge 2e/3 AC Josephson effect. We demonstrate that an analog of
non-Abelian braiding is possible, despite the absence of a localized zero mode. We discuss several practical ad-
vantages of this proposal over previous work, and also extensions to electron-electron bilayers at ν = 2/3+1/3
coupled to superconductivity, and to electron-hole bilayers with only interlayer tunneling.
A profound feature of topologically ordered states of mat-
ter is the existence of topologically protected degeneracies [1].
These are degeneracies in the ground state spectrum of a given
Hamiltonian for which no local operator can distinguish the
topologically distinct states, thus rendering them robust to lo-
cal perturbations. Topological degeneracies are predicted to
occur when a topological phase is defined on a space with non-
trivial topology, such as a torus [2, 3], when the system hosts
non-Abelian quasiparticle excitations [4–7], and in topologi-
cal superconductors when Majorana zero modes are bound to
cores of vortices or the ends of one-dimensional wires [8–15].
It has recently been shown theoretically that a wide class of
non-Abelian defects can be realized in conventional Abelian
fractional quantum Hall (FQH) states, such as the Laughlin
FQH states, by suitably controlling the tunneling processes
along the edge modes. In particular, it was shown that in
bilayer FQH states, domain walls between regions of inter-
layer and intra-layer tunneling can give rise to a novel type
of non-Abelian defect that generalizes Majorana zero modes
by yielding m states per pair of defects, where the integer m
depends on the filling fraction ν of the FQH state [16]. These
non-Abelian defects were subsequently shown to also arise
as lattice defects in certain lattice spin models[17], extending
[18]. They were then also shown to arise in FQH systems
coupled to superconductors, at domain walls between regions
of normal and Andreev backscattering at the edge [19–21],
where they were referred to as parafermion [22], or fraction-
alized Majorana, zero modes. The general theory of these de-
fects [23–27], a number of experimental proposals in FQH
systems [28–30], other exotic phenomena at the boundary of
FQH states and superconductivity [31], and theoretical sug-
gestions for more exotic non-Abelian states of matter [32–36],
have since been developed.
In this paper, we propose a path to realizing topological
degeneracies in bilayer FQH systems in contact with super-
conductivity without the existence of a localized parafermion
zero mode. We consider an electron-hole bilayer FQH system,
with a 1/3 Laughlin FQH state in each layer. We show that the
superconductor can induce charge 2e/3 condensation along
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FIG. 1: (a) Cross-section. Bilayer electron-hole FQH system, with
a |ν| = 1/3 Laughlin FQH state in each layer. Cooper pairs can
tunnel between the counterpropagating FQH edge modes and the su-
perconductor (red). This can happen in the regime d < ξsc, where
ξsc is the superconducting coherence length and lB is the magnetic
length. (b) 3D view of two regions filled with superconductor. (c)
Top view. Readout of topological states can be performed by mea-
suring the charge, in units of 2e/3, in the region enclosed by the
loop α. (d) Top and bottom gates (dark and light gray, respectively)
to enhance quasiparticle tunneling along α or β.
the boundary, giving rise to 3 topological ground states for
each boundary component. Our proposal allows the possibil-
ity of detecting the topological states entirely through charge-
sensing measurements, requires only one type of backscat-
tering term along the FQH edge, and allows large interlayer
separation d and width w between the edge states, thus sim-
plifying the situation as compared with the proposals in [19–
21, 28, 29, 33]. Extending recent work [37], we further
demonstrate that despite the absence of a point-like localized
zero mode, the system does support an analog of non-Abelian
braiding, which can be induced through the use of carefully
designed top and bottom electric gate configurations. These
results are also of theoretical interest for the problem of defin-
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2ing modular transformations in fermionic topological phases.
We note that the concept of boundary-induced topological
degeneracies underlie some Z2 surface code proposals [38]
and has also been discussed abstractly in [39]. The main con-
tribution here is to discuss a concrete physical platform and to
demonstrate the theoretical possibility of a topologically ro-
bust non-Abelian Berry phase.
Setup – Let us consider an electron-hole bilayer quantum
Hall system, such that the electrons and holes are at fill-
ing fraction ν = ±1/3, i.e. νtotal = −1/3 + 1/3. For
d/lB  1, where d and lB are the layer separation and mag-
netic length, respectively, the system can realize an indepen-
dent 1/3 Laughlin state in each layer [55] [56]. Since the two
layers possess opposite charge carriers (holes vs. electrons),
the chiralities of the Laughlin states in each layer are reversed
with respect to each other.
For concreteness, we further consider the case where the
two layers carry opposite spin, thus effectively realizing a
fractional quantum spin Hall (FQSH) state. In the case
where both layers carry the same spin, the superconductivity-
induced effects described below will require a superconductor
with either spin triplet pairing or with strong spin-orbit cou-
pling.
The FQSH state described above can potentially be realized
in a variety of experimental systems. These include electron-
hole bilayers in semiconductor quantum well heterostructures
with opposite g-factor in the two layers [40], or in double-
layer graphene with a thin dielectric separating the two layers
and top/bottom gates to separately control the electron/hole
densities in each layer. The spin structure of the graphene
Landau levels [41] can then potentially support a FQSH state
at ν = −1/3 + 1/3 [42]. Twisted bilayer graphene is also
a possible candidate, as it has been shown to realize an in-
teger QSH state [43, 44]. Recent experiments have demon-
strated advances in coupling superconductors to semiconduc-
tor 2DEGS [45, 46], e.g. through epitaxial growth [46] and to
graphene in the quantum Hall regime [47].
The edge of the bilayer FQH system described above now
consists of counterpropagating chiral Luttinger liquids, de-
scribed by the following Lagrangian density [48]:
L0 =
∑
I=1,2
(−1)I3
4pi
∂tφI∂xφI − VIJ∂xφI∂xφJ . (1)
φI , for I = 1, 2 are counterpropagating chiral scalar fields
satisfying a periodicity condition φI ∼ φI + 2pi. The electron
annihilation operator on each edge is given by Ψ1↑ ∼ ei3φ1↑ ,
Ψ2↓ ∼ ei3φ3↓ , the charge e/3 quasiparticle in each layer is
given by eiφI , and the charge density in each layer is ρI =
(−1)I
2pi ∂xφI . VIJ is a positive-definite matrix encoding the ve-
locities and interactions between the edge modes. Upon quan-
tization of the above theory, the chiral fields satisfy the com-
mutation relation [φI(x), φJ(y)] = δIJ(−1)I pi3 sgn(x − y).
Finally, it is understood that the φI carry opposite spin, al-
though it is not explicitly labelled.
Given such an edge, one could consider two types of elec-
tron backscattering terms between the two edge modes:
Lt = −MΨ†1↑Ψ2↓ −∆Ψ1↑Ψ2↓ +H.c. (2)
In terms of the bosonized variables, Lt = −M cos(3(φ1 −
φ2)) − |∆| cos(3(φ1 + φ2) + Φ), where ∆ = |∆|eiΦ. The
first term corresponds to normal electron backscattering be-
tween the two edge modes; since the edge modes carry op-
posite spin, such a term requires strong spin-orbit coupling,
or magnetism, to allow the required spin-flip (M is taken to
be real for simplicity). The second term can arise when the
boundary of the system is coupled to a conventional s-wave
superconductor, and corresponds to a process where a Cooper
pair from the superconductor hops onto the counterpropagat-
ing chiral edge modes. It requires d < ξsc, where ξsc is the
superconducting coherence length. Ref. [19–21] considered
domain walls between regions where the normal and Andreev
backscattering terms were dominant. Below we will consider
the case where only the Andreev backscattering term is domi-
nant along the entire boundary (later we will comment on the
case where only the normal backscattering term is dominant).
Charge 2e/3 superconductivity – With the appropriate in-
teractions VIJ , the Andreev backscattering term above can be
made relevant in the renormalization-group sense. Alterna-
tively, even if the tunneling term is irrelevant in the RG sense,
we can consider the bare strength of |∆| to be on the order of
the gap of the FQH state. In such a case, where ∆ is the dom-
inant term, the argument of the cosine is pinned to a constant
value corresponding to one of its three inequivalent minima:
(φ1 +φ2) = 2pin/3−Φ/3, for n = 0, 1, 2, thus inducing a fi-
nite energy gap along the boundary. Formally, this is possible
because [(φ1(x) + φ2(x)), φ1(y) + φ2(y)] = 0. In particular,
this implies
〈n|ei(φ1+φ2)|m〉 = δmne−iΦ/3+2pin/3, (3)
where |n〉 for n = 0, 1, 2 are the three states associated with
the three minima of the cosine. The operator e±i(φ1+φ2) is the
creation/annihilation operator for a charge 2e/3 quasiparticle
on the edge of the system, consisting of an e/3 quasiparticle
from each layer. Thus the boundary of the FQH system forms
a charge 2e/3 superconductor, as condensation of charge 2e/3
quasiparticle pairs has been induced.
The condensation of charge 2e/3 quasiparticles along the
boundary of the system implies that, in the absence of a meso-
scopic charging energy, they can be added to the edge at no
additional energy cost, similar to how Cooper pairs can be
added to a conventional superconductor at no energy cost. In
contrast, adding charge e/3 quasiparticles costs a finite en-
ergy, as this causes a kink in φ1 + φ2 due to the commutation
relation [φI(x), (φ1(x) + φ2(y))] = (−1)I ipi3 sgn(x− y).
While charge 2e/3 quasiparticles are condensed, the flux
quantization of the superconductor through a hole bounded
by the 2e/3 condensate is still in units of hc/2e [57].
Charge 2e/3 Josephson effect – Let us consider a S-FQH-
S junction (see Fig. 2(a)). Since charge 2e/3 quasiparticles
3can be added to boundary at zero energy cost, we can con-
sider at arbitrarily low energies the process where a charge
2e/3 quasiparticle tunnels coherently from one boundary to
another. In the presence of a voltage difference across the S-
FQH-S jnction, this induces the tunneling Hamiltonian
HJ =
∫
dxt(x)ei2eV t/3ei(φA1+φA2)e−i(φB1+φB2) +H.c.,
(4)
where φBI and φAI denote the fields from the two boundaries,
respectively. Since ei(φA1+φA2) and ei(φB1+φB2) are con-
densed, we can replace them by their expectation values, and
arrive at the Hamiltonian HJ =
∫
dx|t(x)| cos((ΦA − ΦB +
2eV t)/3 − θ(x)), where t(x) = |t(x)|eiθ(x). This implies a
bulk AC current I ∝ sin((ΦA − ΦB)/3 − θ(x) + 2eV t/3)
with a fractional Josephson frequency ωJ = 2eV/3.
This is in contrast to the case with parafermion zero modes
studied in [19–21], which yielded a charge 2e/6 Josephson
effect, due to the fact that single electrons could also tunnel
coherently between the localized zero modes. The fractional
Josephson effect described here is due to tunneling along the
entire edge, not only from one point to another as in [19–21],
and is more similar to the proposal of [49] to diagnose frac-
tionalization in the cuprates through a charge e Josephson ef-
fect.
Topological ground state degeneracy – To further under-
stand the topological degeneracies, consider two disconnected
boundaries (Fig. 1b-c), each with characteristic size L and
separation between them also of order L. The low-lying states
of the system can be written as |n1, n2〉, for integer n1, n2,
where 2en1/3 and 2en2/3 is the amount of charge associ-
ated to each boundary region, respectively. Fixing the overall
charge of the system means that the state is fully specified by
the difference n1 − n2. Different states have an energy split-
ting ∝ 1/L, arising from electrostatic charging energies.
Now let us consider the two disconnected boundaries to be
coupled to the same superconductor. We take the supercon-
ductor to be of size Lsc, while the boundaries are still con-
sidered to have size and separation betweeen them of order
L. In this case, it is no longer meaningful to discuss the
charge associated to each boundary region, as the charge is
now completely delocalized throughout the entire supercon-
ductor. However, there is still a meaning to the topological, or
anyonic, charge associated to each boundary region. Specif-
ically, the number of charge 2e/3 quasiparticles assigned to
each boundary region, modulo three, is still a well-defined
quantity, due to the fractional statistics of the quasiparticles.
The system has two basic types of Wilson operators,W1(α)
and W2(β) (see Fig. 1(c)). W1(α) creates a charge e/3,
−e/3 quasiparticle-quasihole pair in the top layer, tunnels
one of them around the loop α (in the top layer), and re-
annihilates them. W2(β) tunnels a charge 2e/3 quasiparti-
cle, which consists of a an e/3 quasiparticle in each layer,
from one boundary condensate to the other. These two pro-
cesses leave the system in the ground state subspace in the
limit L,Lsc → ∞. All other operators that also leave the
system in the ground state subspace can be obtained through
products of the above non-local string operators. Impor-
tantly, the fractional statistics of the quasiparticles implies
W1(α)W2(β) = W2(β)W1(α)e
2pii/3. The above algebra
guarantees that the system has three ground states, as the
ground state subspace must form an irreducible represen-
tation of the above algebra. The basis states can be la-
belled |n〉β , such that W1(α)|n〉β = |(n + 1)%3〉β , and
W2(β)|n〉β = e2piin/3|n〉β . An alternate basis |n〉α can be
defined: W2(β)|n〉α = |(n + 1)%3〉α, and W1(α)|n〉α =
e2piin/3|n〉α, where |n〉α =
∑
m e
2piimn/3|n〉β . No local op-
erator can distinguish the states |n〉 – only the non-local oper-
ators W can – which is why the degeneracy is topologically
protected.
For nb disconnected gapped boundaries, each characterized
by a charge 2e/3 condensate, one obtains nb−1 distinct copies
of the above algebra, leading to 3nb−1 ground states.
For a finite system, virtual tunneling corresponding to
W1(α) and W2(β) yields an exponentially small splitting in
the degeneracy, proportional to e−L/ξ, as described below.
State preparation and detection – Let us consider now
the case where the superconductors associated with the two
boundary regions are disconnected (Fig. 1(b)-(c)). The charge
associated to each superconducting region is then well-defined
and can in principle be measured experimentally, for example
by capacitively coupling to a single-electron transistor (SET),
similar to other fractional charge sensing experiments in FQH
systems [50]. In other words, the topological states can be
read out in the basis |n〉α by measuring the fractional charge,
in units of 2e/3, in the region enclosed by α (see Fig. 1(c)).
The effective Hamiltonian in the low energy topological
subspace takes the form:
Heff =
Q21
2C
+
Q22
2C
− t1W1(α)− t2W2(β) +H.c. (5)
Here, Q1 and Q2 are the total charge in first and second su-
perconducting boundary regions, respectively, and we have
included a capacitance C to ground for each superconductor
(for simplicity we ignore cross-capacitances). The first two
terms represent the charging energy for each superconducting
region.
t1 is the net amplitude for creating a quasiparticle-quasihole
pair of charge e/3, −e/3 out of the ground state, tunnel-
ing the charge e/3 quasiparticle clockwise around any loop
that is topologically equivalent to α, and reannihilating them,
summed together with the net amplitude for the reverse pro-
cess in the bottom layer (the effect of W1(α) is reversed if the
e/3 quasiparticle is tunneling in the bottom layer). In gen-
eral, t1 ∝ e−c1Lα/ξ, where L is length of the smallest loop
that is topologically equivalent to α, ξ ∼ lB is the correla-
tion length of the system, which is set by the energy gap of
the FQH state, and c1 is a constant term that depends on the
energy gap to creating charge e/3 quasiparticles. t2 is the
net amplitude for creating a pair of charge e/3 quasiparticles
out of the one of the boundary condensates and annihilating
it at the other boundary condensate, and thus t2 ∝ e−c2Lβ/ξ,
4where Lβ is the minimal distance between the two bound-
aries, and c2 is a constant that depends on the gap to creating
a pair of charge 2e/3 quasiparticles, one in each layer, in the
bulk of the FQH state. In principle, the effective Hamiltonian
also contains higher order processes, such as tunneling charge
me/3 quasiparticles around the loop α, or tunneling charge
2me/3 quasiparticles from one boundary to another, although
these will be exponentially suppressed relative to the terms
kept above, as the energy gaps for creating such quasiparti-
cles is expected to be larger.
Ignoring the charging energies, when t1  t2, the ground
state is an eigenstate ofW1(α), and thus corresponds to a def-
inite |n〉α. When t2  t1, e2/C, the ground state is instead
an eigenstate of W2(β), which means that it must be of the
form |a〉β =
∑
a e
2piian/3|n〉α.
The magnitudes of t1 and t2 can be tuned experimentally
through the use of electric gates. Applying a local electric
potential to the FQH fluid can reduce the energy gap e/3 to
creating a charge e/3 quasiparticle, while simultaneously in-
creasing the energy gap to creating a charge −e/3 quasiparti-
cle. Therefore, using a gate configuration (see e.g. Fig. 1(c))
it is possible to increase the amplitude for t1 relative to t2. In
fact, since log t1 ∝ e/3, the amplitude of t1 can be tuned with
exponential sensitivity in the gate voltage. Similarly, using a
gate configuration that follows the loop α, (see Fig. 2(b),(c)),
it is possible to increase t2 relative to t1.
The above discussion implies that experiments reminiscent
of the fusion rule experiments proposed in Ref. [51] in the
context of Majorana nanowires can be carried out in this con-
text. For example, suppose the system starts in a limit domi-
nated by the charging energies, and also t2  t1. In the limit
where the charging energies dominate, the system is in a defi-
nite eigenstate |n1〉α. n1 can be determined by measuring the
charge in the region surrounded by the loop α (see Fig. 1(b)).
In the opposite limit, where the charging energy is reduced
and t2 dominates, the ground state of the system is of the form
1√
3
∑2
n=0 e
2piian/3|n〉α, for some integer a. A measurement
of the charge in the region will then give 2ne/3 mod 2e, with
probability 1/3 for each n.
Analog of non-Abelian braiding without localized zero
modes – Despite the absence of a localized zero mode, it is
possible to implement a robust topological unitary transfor-
mation on the topological state space – an analog of non-
Abelian braiding. The ideas below extend results in [37], and
are closely related to ideas about braiding non-Abelian defects
through tuning interactions [19, 20, 24, 25, 52, 53].
Let us consider starting with a system with three discon-
nected boundaries (Fig. 2(b)-(d)). In this case, the system has
Wilson operators W1(αi), for i = 1, 2, W2(βi), for i = 1, 2,
and W2(γ) = W2(β1)W
†
2 (β2), which generalize the opera-
tors discussed in the previous section. The states of the system
can then be labelled as |n,m〉β1,β2 , which are eigenstates of
W2(βi), for i = 1, 2, and where n,m = 0, 1, 2.
We consider a Hamiltonian H(τ) evolving adiabatically
in time τ (measured in units of an overall time scale
𝛼1 𝛼2
𝛽1
𝛽2
𝛾
(a) (b)
(c) (d)
2e/3 
tunneling
𝐻 0 = 𝐻(3)
𝐻(1) 𝐻(2)
FIG. 2: (a) S - FQH -S geometry for fractional Josephson effect.
(b)-(d) Evolution of H(τ) for τ = 0, 1, 2, 3 Systems includes three
disconnected boundaries coupled to superconductors (red). Dashed
lines indicate loops/lines of interest. Dark grey bars indicate active
top gates, light grey bars indicate active bottom gates.
T ), with ground state |ψ(τ)〉. We require H(0) =
−t0W2(β2) + H.c., H(1) = −t1W1(α2) + H.c., H(2) =
−t2e2pii/3W1(α2)W2(γ) + H.c., H(3) = H(0). Further-
more, [H(τ),W2(β1)] ≈ 0 for all τ , [H(τ),W1(α1)] ≈ 0 for
0 ≤ τ ≤ 1, [H(τ),W1(α1)W1(α2)] ≈ 0 for 1 ≤ τ ≤ 2,
[H(τ),W1(α1)W
†
2 (γ)] ≈ 0 for 2 ≤ τ ≤ 3. Here ≈ 0 means
up to exponentially small corrections (see Appendix).
In order to realize the above situation, we use gate configu-
rations in the top and bottom layer in order to enhance certain
quasiparticle tunneling processes of interest. Fig. 2(b)-(d)
displays the necessary sequence of active gates for the present
discussion. We begin with a configuration where the top and
bottom gates shown in Fig. 2(b) are turned on. The top and
bottom gates decrease the energy gap to creating charge e/3
quasiparticles in each layer, thus enhancing the process where
charge 2e/3 quasiparticles tunnel along the line β2 from one
edge to another. At time τ = 1, the most dominant quasi-
particle tunneling process should be associated with W1(α2),
which can be engineered by having the active gates corre-
spond to the configuration in Fig. 2c. At time τ = 2, the
active gates are in the configuration shown in Fig. 2d, and
finally at time τ = 3 the Hamiltonian returns to its original
configuration at τ = 0. Thus, we have that the most dominant
terms in H(τ) for τ = 0, 1, 2, 3, are as required above.
In order for the above terms to be the most dominant terms
in the Hamiltonian, it is important that the gate configurations
can sufficiently diminish the energy gap to creating e/3 quasi-
particles such that even with the increase in geometric length
of the paths (e.g. α2 + γ vs. α2), the process with the longer
path is favorable because of the lower energy gap of the quasi-
particle. Suppose 0 is the energy gap for creating charge e/3
quasiparticles without the gate voltage, and  is the energy
gap in the presence of the gate voltage. Then, we require, for
example, 0 
Lα2
Lα2+2Lγ
,
2Lγ
Lα2+2Lγ
in order to realize H(2).
The non-Abelian Berry phase of this process gives rise
5to a unitary transformation U on the topological state space
that we can explicitly compute (see Appendix). The ini-
tial state is |ψ(0)〉 = ∑n ψn|n, b0〉β1,β2 , for some inte-
ger b0 = 0, 1, 2. One can then verify that |ψ(3)〉 =
eiϑ
∑
n e
−ipi(n−k)2/3+ipi(n−k)|n, b0〉β1,β2 , where k is an in-
teger that depends on the phases of the tunneling amplitudes
ti for i = 0, 1, 2, and eiϑ is a non-universal overall phase. The
unitary transformation Umn = δmneiϑe−ipi(n−k)
2/3+ipi(n−k)
is identical to the result for Z3 parafermion zero modes com-
puted in [19–21, 24].
Practical advantages over previous proposals – The topo-
logical degeneracies discussed here can be induced with only
a single type of backscattering term along the edge: the An-
dreev backscattering term induced by the superconductor. In
contrast, the parafermion zero mode proposals of Ref. [19–
21] require the ability to gap out the edge modes in two dis-
tinct ways along a single edge, through both magnetically
induced normal backscattering and the superconductivity-
induced Andreev backscattering, which may be challenging.
Furthermore, the superconducting regions in our setup should
have a diameter w > ξsc. In contrast, the proposal of [33]
requires superconducting trenches that have a width w < ξsc,
which can be potentially challenging to fabricate.
The proposal of Ref. [28], where parafermion zero modes
are induced through normal interlayer backscattering, does
not admit a way to read out which particular topological state
the system is in through an electrostatic charge sensing mea-
surement, and instead requires quasiparticle interferometry,
which may be more difficult.
Generalizations – The key ingredient in our proposal was
the existence of counterpropagating ν = ±1/3 Laughlin edge
modes. The ν = 2/3 FQH state can be viewed as a ν = 1
IQH state, together with a ν = −1/3 FQH state of holes.
Therefore, an electron-electron bilayer FQH state at total fill-
ing fraction νtotal = 2/3 + 1/3 has effectively the same prop-
erties as the νtotal = −1/3 + 1/3 state described here. The
main difference is that the νtotal = 2/3 + 1/3 system will
have an additional chiral IQH gapless edge mode along each
of the boundaries. Since this edge mode cannot accommodate
any fractional excitations, it has essentially no bearing on the
topological degeneracy discussion.
A second generalization of interest is to consider the
electron-hole bilayer at νtotal = −1/3 + 1/3, and to consider
normal interlayer electron tunneling Ψ†1Ψ2 +H.c., instead of
the superconductivity induced Andreev tunneling. If the two
layers have opposite spin polarization, this can be induced by
coupling to a system with either magnetic order or strong spin-
orbit coupling, instead of a superconductor. In this case, much
of the discussion of the present paper follows. The main dif-
ference is that the topological state cannot be read out through
charge sensing. Naively one might think that the topologi-
cal state could instead be read out by measuring the electric
dipole moment in a region. However the electric dipole mo-
ment is not a conserved quantity. In the limit where the bulk
interlayer tunneling is zero and the superconductor is replaced
with a system that spontaneously develops interlayer coher-
ence through interactions, then one could envision measuring
the topological state through fractional electric dipole mea-
surements.
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Appendix: Non-Abelian Berry phase calculation and discussion
Let us consider starting with a system with three disconnected boundaries, as shown in Fig. 2 (b)-(d) of the main text. The
Hamiltonian evolution H(τ) splits the 9-dimensional subspace into a three-dimensional ground state subspace, with a finite
energy gap δE to the rest of the states. δE must remain finite for the entire process, and sets the time scale for the adiabaticity
of H(τ).
H(τ) further has the following properties:
H(0) = −t0W2(β2) +H.c.
H(1) = −t1W1(α2) +H.c.
H(2) = −t2e2pii/3W1(α2)W2(γ) +H.c.
H(3) = −t0W2(β2) +H.c. (6)
Moreover, we require that
[W2(β1), H(τ)] = 0, ∀τ,
[W1(α1), H(τ)] = 0 for 0 ≤ τ ≤ 1,
[W1(α1)W1(α2), H(τ)] = 0 for 1 ≤ τ ≤ 2,
[W1(α1)W
†(γ), H(τ)] = 0 for 2 ≤ τ ≤ 3. (7)
The non-Abelian Berry phase that we compute below is exact and independent of any other details of the adiabatic evolution of
H(τ), as long as the above conditions are met. The topologically robustness of the non-Abelian Berry phase is derived from the
ability to satisfy the above equations, up to exponentially small corrections in physically controllable parameters, as we discuss
below.
Basis choices
Since the system has three disconnected boundaries gapped by superconductivity, the topological space of states is 9-
dimensional. The effective Hamiltonian H(τ) splits this 9-dimensional ground state subspace into a three-dimensional ground
7state subspace with a finite energy gap to the rest of the states. It will be useful to consider three different basis choices, which
we will label as |a, b〉LI , for I = 1, 2, 3. Here LI denote a set of paths:
L1 = {(β1, α1), (β2, α2)}
L2 = {(β1, α1 + α2), (α2 + γ, α2)}
L3 = {(β1, α1 − γ), (β2, α2 + γ)}. (8)
If we define a set of operators Ai, Bi for i = 1, 2, such that
AiBj = e
δij2pii/3BjAi
[Ai, Aj ] = [Bi, Bj ] = 0, (9)
then we can set
(B
(1)
i , A
(1)
i ) = (W2(βi),W1(αi)), (10)
and the algebra of Eq. (9) will be satisfied. Alternatively, we can set
{(B(2)1 , A(2)1 ), (B(2)2 , A(2)2 )} = {(W2(β1),W1(α1)W1(α2)), (e−2pii/3W †1 (α2)W †2 (γ),W1(α2))}, (11)
and the algebra of Eq. (9) will be satisfied. Finally, we can set
{(B(3)1 , A(3)1 , (B(3)2 , A(3)2 } = {(W2(β1),W1(α1)W †2 (γ)), (W2(β2),W1(α2)W2(γ))}. (12)
The three different bases that we are interested in have the following property:
A
(I)
1 |a1, a2〉LI = |(a1 + 1)%3, a2〉LI
A
(I)
2 |a1, a2〉LI = |a1, (a2 + 1)%3〉LI
B
(I)
i |a1, a2〉LI = e2piiai/3|a1, a2〉LI (13)
Now we observe that the different bases can be related to each other as follows:
|a, b〉L2 =
1√
3
2∑
n′=0
e(n
′−a−b)22pii/3|a, n′〉L1
|n,m〉L1 =
1√
3
2∑
b=0
e−(b+n−m)
22pii/3|n, b〉L2 . (14)
Furthermore,
|a, b〉L3 = e((a−b)
2+a)2pii/3|a, b〉L1 ,
|a, b〉L1 = e−((a−b)
2+a)2pii/3|a, b〉L3 (15)
Non-Abelian Berry phase result
Now we are in a position to determine the result of the non-Abelian Berry phase resulting from the Hamiltonian evolution
H(τ). The ground state wave function at τ = 0 is
|ψ(0)〉 =
∑
n
ψn|n, b0〉L1 . (16)
The integer b0 = 0, 1, 2 is determined by the tunneling amplitude t0. The ground state energy of H(0) is E(0) =
−2|t0| cos(2pib0/3 + θ0), where t0 = |t0|eiθ. The integer b0 is thus chosen to minimize E(0). We see that when t0 is real
and positive, b0 = 0.
8The state |ψ(1)〉 is a ground state of H(1), and is therefore of the form
|ψ(1)〉 = eiφ 1√
3
∑
n,a
ψne
2piib1a/3|n, a〉L1 . (17)
Again, the integer b1 = 0, 1, 2 depends on the tunneling amplitudes t1 such that the ground state energy E(1) =
−2|t1| cos(2pib1/3 + θ1) is minimized. Crucially, the Berry phase eiφ is independent of n. Whereas this would not be true
in the most general possible evolution from H(0) to H(1), it is true in our case because of the fact that [W2(β1), H(τ)] =
[W1(α1), H(τ)] = 0 for 0 ≤ τ ≤ 1. These commutation relations imply that the Berry phase eiφ must be independent of the
integer n, because there is no term in H(τ) from τ = 0 to 1, which can distinguish states with different n. Only operators
generated by W2(β1), W1(α1) can distinguish states with different n, and they do not appear in H(τ) for τ = 0 to 1. We will
use this argument repeatedly below for the subsequent steps as well.
To proceed, we rewrite |ψ(1)〉 in the L2 basis:
|ψ(1)〉 = eiφ 1
3
∑
n,a
ψne
2piib1a/3
∑
c
e−(c+n−a)
22pii/3|n, c〉L2
= −ieiφ 1√
3
e2piib
2
1/3
∑
n
e2piib1n/3ψn
∑
c
e2piib1c/3|n, c〉L2 . (18)
|ψ(2)〉 is a ground state of H(2), and is of the form
|ψ(2)〉 = eiφ′
∑
n
e2piib1n/3ψn|n, b2〉L2 (19)
The integer b2 = 0, 1, 2 depends on the ground state of E(2), similar to the case with b0, b1. For t2 real and positive, b2 =
0. Again, similar to the previous case, the crucial point here is that eiφ
′
is independent of n, because [W1(β1), H(τ)] =
[W1(α1)W1(α2), H(τ)] = 0 for 1 ≤ τ ≤ 2, and operators generated by W1(β1), W1(α1)W1(α2) are the only operators that,
in the L2 basis, can distinguish states with different n.
To proceed to the next step, we rewrite |ψ(2)〉 in the L3 basis:
|ψ(2)〉 = eiφ′
∑
n
e2piib1n/3ψn|n, b2〉L2
= eiφ
′ 1√
3
∑
n
e2piib1n/3ψn
∑
n′
e2pii(n
′−n−b2)2/3|n, n′〉L1
= eiφ
′ 1√
3
∑
n
e2piib1n/3ψn
∑
n′
e2pii(n
′−n−b2)2/3e−2pii((n−n
′)2+n)/3|n, n′〉L3
= eiφ
′ 1√
3
e2piib
2
2/3
∑
n
e2pii(b1−b2−1)n/3ψn
∑
n′
e2piin
′b2/3|n, n′〉L3 (20)
Finally, we see that |ψ(3)〉 is a ground state of H(3), and is then of the form
|ψ(3)〉 = eiφ′′e2piib22/3
∑
n
e2pii(b1−b2−1)n/3ψne2piib0b2/3|n, b0〉L3
= eiφ
′′
e2piib
2
2/3
∑
n
e2pii(b1−b2−1)n/3ψne2piib0b2/3e2pii/3((n−b0)
2+n)|n, b0〉L1
= eiφ
′′
e2pii/3b1(b0−b2−b1)
∑
n
ψne
2pii/3(n−b0+b2−b1)2 |n, b0〉L1 (21)
Again, the overall phase eiφ
′′
is the Berry phase obtained in adiabatically passing from H(2) to H(3). φ′′ must be independent
of n because H(τ) for 2 ≤ τ ≤ 3 commutes with all operators that can distinguish states associated with different n (in the L3
basis).
We therefore see that the adiabatic process gave rise to the transformation:
|ψ(0)〉 =
∑
n
ψn|n, b0〉L1 → |ψ(3)〉 = eiϑ
∑
n
ψne
2pii/3(n−k)2 |n, b0〉L1 , (22)
where k = b0 + b1 − b2, and ϑ is a non-topological, path-dependent contribution to the overall phase. In other words, H(τ)
implemented a unitary transformation U as a non-Abelian Berry phase:
Unm = δnme
iϑe2pii/3(n−k)
2
= δnme
iϑe−ipi(n−k)
2/3+ipi(n−k) (23)
9Topological Protection
The topological protection of the above adiabatic process derives from the ability to satisfy the conditions described in Eq.
(6)-(7), up to exponentially small corrections. Usually, in the context of braiding of non-Abelian anyons, the corrections to
braiding can be made exponentially small by spatially separating the anyons arbitrarily far apart from each other compared to
the correlation length of the system.
In the presence case, the way to achieve the conditions required is to enhance the tunneling amplitudes of quasiparticles along
the paths of interest. Let ω and ω′ denote two paths, and Lω , Lω′ their lengths. The tunneling amplitudes for charge e/3
quasiparticles along these paths are tω ∝ e−e/3Lω , tω′ ∝ e−e/3Lω′ . We see that tω can be made exponentially larger than tω′
as long as the energy gap to created e/3 quasiparticles along ω can be made to be much less than the corresponding gap along
the path ω′. The ratio tω′/tω → 0 in the limit that the (ω)e/3/(ω
′)
e/3 → 0, where ωe/3 is the energy gap to creating e/3 quasiparticles
along the path ω.
Thus, the topological protection of the non-Abelian Berry phase results from the possibility of controlling the energy gaps
of quasiparticles along paths of interest to be parametrically smaller than the energy gaps along other paths, thus exponentially
enhancing the amplitude for desired tunneling paths over others. In this way, the topological robustness of the non-Abelian Berry
phase obtained here is somewhat different from that of braiding non-Abelian anyons, as the latter can approach the topological
limit with exponentially small corrections by increasing the distance between the anyons.
